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Abstract

A status report is presented concerning the currently available experimental infor-
mation for the thermodynamic properties of supercooled water and the possibility of
modeling these thermodynamic properties on a theoretical basis. Part of the interest
into the thermodynamic behavior of supercooled water is caused by an anomalous
temperature dependence of the heat capacity, the compressibility and the thermal
expansivity. We show that by assuming the existence of a liquid—liquid critical point
in the unstable region at a very low temperature, we can give an accurate account
of the experimental thermodynamic-property data in the experimentally accessible
supercooled region. The resulting preliminary correlation is valid down to the ho-
mogeneous ice nucleation temperature and up to 400 MPa, the highest pressure
where experimental data exist. The location in the phase diagram where the cor-
relation for the supercooled region can be smoothly connected to the IJAPWS-95
formulation is also shown.



1 Introduction

The peculiar thermodynamic behavior of supercooled water is currently receiving
considerable attention. Upon supercooling, water exhibits an anomalous increase
of its isobaric heat capacity and its isothermal compressibility, and an anomalous
decrease of its expansivity coefficient.! One thermodynamically consistent expla-
nation, originally proposed by Poole et al.,? is based on the presumed existence of a
liquid-liquid critical point (LLCP) in water deep in the supercooled region. The hy-
pothesis of the existence of a critical point in metastable water has been considered
by many authors as recently reviewed by Bertrand and Anisimov.?

Several authors have made attempts to develop a thermodynamic model for the
thermodynamic properties of supercooled water based on the LLCP scenario.> A
model based on the existence of the LLCP is a good starting point for an empirical
correlation for the properties of supercooled water, since the anomalous behavior
is already built-in. A previous report’ and article® described how a model based
on critical scaling theory could be used to describe the data on supercooled water.
Since then, we have obtained results that allow improvement of the correlation.
Holten et al.” showed that a mean-field equation of state can describe the properties
of supercooled water with the same quality as scaling theory. This result enables the
use of a computationally simpler mean-field model as the basis of the correlation.
Recently, Holten et al.!° developed an explicit equation of state that incorporates
the LLCP. This equation allows the use of a liquid—liquid transition (LLT) that is
curved in the phase diagram, while the previous models had a straight-line LLT. In
this report, a correlation based on the equation of state of Ref. 10 is presented that
represents almost all the thermodynamic data on cold super and supercooled water.

2 Experimental data

Experimental data on the following properties were selected as input for the new
correlation: density, thermal expansivity, isothermal compressibility, isobaric heat
capacity, and speed of sound. Experimental data on the density, thermal expansivity
and compressibility of cold and supercooled water have been reviewed in Ref. 8§,
and their location in the phase diagram is shown in Fig. 1. The location of the
available speed-of-sound data, including some data near the melting curve at high
pressures that have recently become available,!'!!? is shown in Fig. 2. These speed-
of-sound data were not included in the fits of the models of Refs. 8 and 10.
Because the experimental data in Fig. 1 in the supercooled region are limited to
pressures of 400 MPa and lower, the pressure range of validity of the present cor-
relation is 0 MPa to 400 MPa. In temperature, the range of validity is bounded by
the homogeneous ice nucleation curve, for which a correlation is presented in Ap-
pendix A. At higher temperatures, it is desirable that the present correlation agrees
with the IAPWS-95 formulation. Based on the comparison of IAPWS-95 with ex-
perimental expansivity data that was made in Ref. 8, a region in the phase diagram
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Figure 1: (a) Location of the experimental H,O density data'3~!7. The thick solid curve
is the solid—liquid phase boundary,'® the dashed curve is the homogeneous ice nucleation
limit (Appendix A), and the thin solid curves are the solid—solid phase boundaries.'®?°
(b) Location of the experimental H,O density-derivative data. Ter Minassian et al.>! have
measured the expansivity coefficient, other authors!®??23 have measured the isothermal
compressibility.

was estimated where values from IAPWS-95 could be used as input data to fit the
new correlation to. Figure 3 shows the region where a representative selection of the
experimental data was used for fitting the correlation, as well as the region where
only values from IAPWS were used as input for the fit, up to a temperature of 324 K.
The total number of data points used for the fit is 385, of which 198 are values from
the TAPWS-95 formulation.

3 Equation of state

The equation of state that forms the basis of the current correlation is described in
Ref. 10. It is a so-called two-state model, which assumes that liquid water is a mix-
ture of a low-density and a high-density structure. We introduce the dimensionless
quantities

A T A N V
T=—, G= , V==,
T. RT. Ve 1)
T —T. (P —P)V;
T = _, = ",
T. RT,

where T is the temperature, G is the molar Gibbs energy, R is the gas constant, P
is the pressure and V' is the molar volume. Values at the critical point are denoted
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Figure 2: Location of experimental data on the speed of sound.!''>2*27 The thick
curve is the solid-liquid phase boundary,'® and the thin curves are the solid—solid phase
boundaries. !>

with a subscript c. The equation of state is

G G*
?: % +xL+xInx 4+ (1—x)In(l —x) + wx(1 —x), 2)

where x is the fraction of the low-density structure. The field L is given by
L(t,m) = At +anm + btm), (3)
and the interaction parameter w by
w(m) =2+ wyrm. 4)

G* is the the noncritical part of the Gibbs energy, the Gibbs energy of pure A, and
is represented by

GA(r, ) = Zcit“"nb" + Z ci T % exp(—m), (5)

i=1 i=n+1
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Figure 3: Location of the experimental data on density p, thermal expansivity « p, isother-
mal compressibility k7, speed of sound w, and isobaric heat capacity Cp that were selected
as input for the fit. To the right of the dotted line, the source of the data is the IAPWS-95
formulation.

where a;, b;, and ¢; are adjustable coefficients.
At a certain pressure and temperature, the equilibrium fraction x. is found from

the condition
G
— =0 at x = Xx., (6)
0x TP

Xe

which yields

+w(l —2x.) =0. (7

L+1
+n1

€
This equation must be solved numerically for the fraction x..

It is convenient to express the thermodynamic properties in terms of the scaling
fields and scaling susceptibilities. The scaling fields ¢; and ¢, are given by

¢1 = 2x. — 1, ¢ = —%wosblz- (8)
The scaling susceptibility y; is given by
) -1
X1 = ( — w) . )
1—¢f
The dimensionless volume can then be written as
. T o .
V= [¢2 + 5 Lol + 1)] +GA (10)



with subscripts t and 7 indicating partial derivatives, i.e.,

L, = (L)1), = A(1 + b7), (11)
L, = (0L/d7n), = AMa + b1). (12)

The dimensionless response functions, namely isothermal compressibility k7, ex-
pansion coefficient & p, and isobaric heat capacity Cp, are given by

177 .
5 —| = Lﬂ . 2 GA , 13
KT V|:2X1( woP1) M] (13)

1 Ln, ~ 1 o
fp = ) TP 1 —[ Uy 1 ]
i = S ST @4 0+ 3 [ Dk Lo+ D)

TL, .
) X1 (Ly —wor) + an}, (14)

Cp=—L.T(p)+ 1)+ 12Ty, —TGA. (15)

These dimensionless quantities are related to the quantities with dimensions accord-
ing to
KT ap
=  ap=_
peRT, T.
with the molar density p = 1/V. The molar isochoric heat capacity Cy is found
from the thermodynamic relation

Kr . Cp=RCh, (16)

T 2
Cy=Cp— L, (17)
PKT
and the speed of sound w from
ocp\ 2 i To? -1/2
- il = S — , 18
o 2) )

where p = Mp and Cp = Cp /M are the specific (mass-based) density and heat
capacity, with M the molar mass. Numerical values of all parameters are listed in
Appendix B.

Equation (2) is a mean-field equation of state that implies classical critical expo-
nents. As shown in Refs. 8 and 9, a mean-field equation describes the experimental
data equally well as a nonanalytic equation based on critical scaling theory. The rea-
son that a mean-field approximation can be used is that the region asymptotically
close to the critical point, where scaling theory would be necessary, is not exper-
imentally accessible. Moreover, a mean-field equation of state is more convenient
for computational use than one incorporating scaling theory.



4 Comparison with experimental data

The density is shown as a function of temperature for several isobars in Fig. 4. The
density data of Mishima'® show systematic differences with the densities reported
by Asada et al."> and IAPWS-95. To prevent this difference from affecting the cur-
rent correlation, we have fitted the equation to a version of Mishima’s data that was
adjusted for this systematic difference, as described in Ref. 8. The adjustment is at
most 0.35% in density, which is within the experimental uncertainty. The figures
in this report show the original data of Mishima. The density deviations of the cur-
rent correlation at atmospheric pressure are shown in Fig. 5, and the deviations for
several isotherms are shown in Fig. 6. It is seen that the five density data sets agree
with each other within the experimental uncertainty, and that the current correlation
represents almost all of the data within their uncertainty.

The compressibility and expansivity are shown as a function of temperature
in Fig. 7 and Fig. 8. The new correlation agrees well with the data, except for a
few expansivity data points below 250 K at atmospheric pressure. However, these
points do not represent direct measurements of the expansivity, but were derived
from smoothed density values.'?

1200 — T T T T T
h 3 o
3 !
u] o %)
1150 RISl 4 -
“ o [5) [5)
2.5 23 o
IS P/MPa
o 2 3
oo oo ggg
1100_DD¢D 300
N ] 227
—a 24
Y 2
C:J\ \\ 180
£ : 60
5 1050 - 140 -
< \ > 120
= A =100
% o | Figure 4: Density as a function
e . ;’g of temperature and pressure. Black
1000 - *—=o; | curves are calculated from the cur-
rent correlation. Symbols repre-
sent experimental data. 131416 7,
950 | | indicates the melting temperature
This work and Ty indicates the homogeneous
-— IAPWS-95 nucleation temperature. The blue
~—C  x Hareand Sorensen (1987) | curve is the liquid—liquid equilib-
900 = ° l\sﬂc_’t‘:‘]_r" et 2'(')1%000) 1 rium curve, with the critical point
o Ishima
. . . . ( .) . C. Values from IAPWS-95 are

200 220 240 260 280 300 plotted (dashed) for comparison in
Temperature (K) the range where it is valid.



0.05

I2) T T T T T T T T T
© L |

& I 0.101 325 MPa |
= |

8 I E XK X |

< 000 X X X -
| . X X R =

g 3 X
2 % |
(= |
S Fos
~ _0.05 : 1 N 1 N 1 N T | N |

240 250 260 270 280 290 300
Temperature (K)

X Hare and Sorensen (1987) --- |IAPWS-95

Figure 5: Percentage deviations between experimental density data'® at atmospheric pres-
sure and values calculated from the current correlation. Values calculated from IAPWS-95
are plotted for comparison; dashed in the stable-liquid region and dotted in the metastable
region. The vertical dashed line indicates the melting temperature.

The heat capacity at constant pressure Cp and at constant volume Cj are shown
in Fig. 9. The two data sets for Cp that extend down to the lowest temperature of
236 K, those of Angell et al.?® and Archer and Carter®, do not agree with each other
below about 255 K. Both data sets were included in the fit, and the correlation gives
values in between them. There are no measurements for Cy of supercooled water,
so the Cy curve in Fig. 9 represents only a prediction.

Deviations between experimental data on the speed of sound and the current
correlation are plotted in Fig. 10 and Fig. 11. Most of the data sets from different
authors agree with each other, but the data of Hidalgo Baltasar et al.'! deviate from
the other data below 280 K and above 250 MPa. The relative deviations reach at
most 0.8%, which is larger than the experimental uncertainty of 0.2% to 0.3%. The
current fit is based on the data of Lin and Trusler'? and Taschin.?” The data of Lin
and Trusler,'? with a specified uncertainty of 0.03% to 0.04%, are not reproduced
to within that accuracy but within about 0.1%. However, the empirical correlation
that Lin and Trusler!? fitted to their own data also deviates from their data by up
t0 0.15%.

5 Connecting to IAPWS-95

If the properties of water are to be represented in both the supercooled and the stable
range, the new correlation should smoothly connect to the ITAPWS-95 formulation
at a certain boundary in the P—T diagram. A natural choice for this boundary is
the melting curve, which is the boundary of the range of validity of IJAPWS-95.
As Fig. 12 illustrates, connecting at the melting curve will lead to jumps of more
than 10% in the heat capacity and about 50% in the thermal expansivity. If better
agreement or a smoother connection is desired, the connection temperature has to
be increased. Because the expansivity is the quantity that differs most between the
current correlation and TAPWS-95, the connection temperature should be based
on that quantity. Figure 8 shows arrows at possible connection temperatures for
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different pressures. The connection temperature increases with pressure, and the
proposed connection boundary in the phase diagram is shown in Fig. 12. Up to
about 70 MPa the connection can be made at the melting curve, while at 400 MPa
the connection temperature is about 305 K.

6 Discussion

We have presented a preliminary correlation that represents almost all thermodyna-
mic-property data on cold and supercooled water. There are a number of issues
that can be considered. First, the current correlation can be slightly improved by
including more or different terms in the noncritical part of the Gibbs energy G™.
This would result in a smaller average deviation from experimental data, and would
increase the fraction of data points that are represented within the experimental un-
certainty. Second, the limit of validity is currently 400 MPa, because there are no
experimental data above that pressure. Because the suggested correlation was not
constrained for pressures higher than 400 MPa, it cannot be reliably extrapolated.
With the inclusion of suitable constraints, the extrapolation behavior to higher pres-
sures could be improved. Another issue is the extrapolation below the homogeneous
nucleation temperature. Extrapolation in this region is sensitive to the location of the
LLCP, where the thermodynamic response functions diverge. Since the existence of
the LLCP is uncertain, it is at present not possible to specify what the extrapola-
tion behavior should be. However, the region below the homogeneous nucleation
temperature is currently inaccessible to experiments.
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Appendix A Homogenous ice nucleation temperature

Liquid water can be supercooled down to the homogenous ice nucleation temper-
ature Ty, which is about 235 K at atmospheric pressure. At higher pressures, Ty
is lower, with a minimum of 181 K at 200 MPa. The pressure dependence of Ty
has been measured by Xans and Barnaud*?, Kanno et al.** and Kanno and Miyata*
at pressures below 300 MPa; see Fig. 13. Mishima® has measured Ty at pressures
from 500 MPa to 1500 MPa. At about 200 MPa, there is a break in the 7} curve as a
result of nucleation of a different kind of ice above this pressure.>** For pressures
below the break point, the shape of the Ty curve can be described by an equation
of the Simon type, which was also used by Wagner et al.*® to describe the melting
curves of water. A fit of such an equation to the data of Kanno et al.** and Kanno
and Miyata® yields the pressure Py on the homogeneous nucleation curve as a
function of the temperature 7,

Pu/Py =1+ 2282.7(1 — 6%28) + 157.24(1 — 678, (19)

where 6 = T/T,, T, = 235.15 K, and P, = 0.1 MPa. Above the break point,
a third-order polynomial was fitted to the data, including Mishima’s data up to
1500 MPa, yielding

Tu/K = 172.82 4+ 0.03718p + 3.403 x 107 p> — 1.573 x 1078 p°, (20)

with p = P/MPa. This polynomial is based on the assumption that the 7Ty curve
is smooth at pressures above the break point. However, because of the lack of data
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Figure 13: Temperature of homogenous ice nucleation. Symbols represent experimental
data,*?73 and the curve is given by Egs. (19) and (20).
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in the range of 300 MPa to 600 MPa, the existence of other break points in the
curve cannot be excluded. Is must also be noted that unlike the melting curve, the
homogenous nucleation curve is a kinetic limit and depends on the size and time
scale of the experiment.

Appendix B Numerical values for the parameters

The numerical values for the parameters in the equation of state are listed below.
The parameter ¢, is not independent; the constraint V' = 1 relates it to other param-
etersasc; = 1 — Aa/2 — wy/4 — cis.

Parameter Value Unit I Ci a; b;
T. 228.0 K 1 8.207264x 107! 0 1
P, 0 MPa 2 —6.178979x103 0 2
o 914.844 kg m™3 3 1.785700x 107! 1 1
A 2.77286 4  —=3579009x10° 2 0
o 0.319082 5 —5218701x10 0 3
a 0.0612649 6 —2.048750x107%2 1 2
b —0.266775 7  —=7.699798x1072 2 1
n 14 8 1.940109x103 1 3
m 20 9 1.308921x1072 2 2
R 8.3144621 Jmol~! K™! 10 0912325x107" 4 0
M 18.015268 g/mol 11 —2.993320x1072 2 3
12 3.754090x 1072 3 2
13 —5.300774x107" 5 0
14 —-2.829167x102 4 2
15 5.563555x1072 0 1
16 —6.567783x107%2 1 0
17 8.770874x107* 0 2
18 —2.638605x102 1 1
19 —1.309306x10"' 5 0
20 8.365243x102 3 3
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